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PREFACE

This Memorandum is addressed to the problem of establishing a
replacement-parts policy for Apollo prelaunch operations. Iv develops
a network technique to help determine economic stock levels and re- ’
supply capabilities that will minimize the deleterious effects of
parts shortages oa the schedule of operations. Though the study is
oriented toward Apollo prelaunch operations, the techniques also
should be of interest to those personnel concerned with establishing
replacement-parts policies for projects other than Apollo.

Sections I, II, and III present the basic network approach, which
is later illustrated in Sec. IV with numerical examples. The compu-
tational techniques developed for computer implementation of the approach
are described in the Appendix.

The Apolla Checkout System Study is a continuing program to help
define checknut system and support plans for the Apollo mission. As
one of a series documenting the Study, this Memorandum was prepared by
The RAND Corporation for Hq, National Aeronautics and Space Adminis-
tration under Contract NASr-21(08). .
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SUMMARY

The Apollo prelaunch operations consist of a sequence of activities,
some of which result in the discovery of malfunctions that way, in turn,
result in demands for replacement parts for che vehicle, These parts
may be available from stock on hand, or from such sources as local
bench repair of malfunctioning parts, iocal assembly from components,
subsequent vehicles, and the manufacturer. The purpcse of this Memorandum
is to develop methods that will assist in establishing a strategy -- a

replacement-parts policy -- governing the use of these sources.

To select from among replacement-parts policies or even to evaluate
one policy, it is necessary to have measures of both cost and effectiveness.
The measure of cost must reflect at least the cost of establishing and
maintaining the stock levels and resupply capability. The measure of
- effectiveness should be formulated in terms of the amount of delay to
the schedule.

Selecting and evaluating a replacemenr-parts policy for projects
such as Apollo prelaunch operations kas two special features that dif-
ferentiate it fror cther inventory problems. First, a project consists
of an operations plan that specifies the sequence of activities or tests
to be performed. It is during these tests that malfunctions aze identified
and demands for parts are generated. Once the operations plan is specified,
therefore, it should be possible to identify the locations in the schedule
where demands for a particular part might occur. Seccnd, the relationship
between parts shortages and effectiveness is complicated. It is easy to
construct examples of parts shortages that cause little or no delay in
the schedule because subsequent activities can continue without the parts.
Contrariwise, it 1s possible to construct examples of shortages that »
stop all operations. Actually, the effect of a parts shortage on delay )
depends not only on how long the shortage lasts, but also on where in
the schedule the demand occurs and where in the schedule the dém&nd must ;
be filled. The effect one shortage has may also be modified if other
shortages occur,

The approach used in this Memorandum represents the scheduled

operations as a project network. Unscheduled activities are also
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performed, however, as the project unfolds. For present purposes, the
unscheduled activities are those associated with ieplacing malfunctioning
parts, e.g., bench repair. These activities are represented by adding
arcs to the nominal network. The way these arcs are added and the times
associated with them are functions of the particular parts policy teing
evaluated,

Data required by this approach are a description of the schedule
of operatione in project network form, a list of parts, and a list of
"possible demands." Each part is characterized by the quantity stocked
and by the tﬁme:required to repair a defective part (or, more generally,
the resupply time), Each possible demand is characterized by the point
in the network at which it can occur and the point by which it mﬁst have
been met, by identification of the part demanded, and ty the probability
of the demand.

The following procedure is used for each resupply (e.g., bench

repair) capability., First, reduce the size of the problem by identifying

parts that do not need to be stocked and aggregating some of the activities

in the nominal schedule, Next, use marginal analysis to determine a
sequence of stock levels for the given resupply capability, Then estimate
the expected measure of effectiveness for each replacement-parts policy

in the sequence and develop the corresponding cost/effectiveness curve.

Repeat this procedure for each. resupply capability of interest, and then

select a replacement-parts policy by chgosing a point on one of the curves,

The procedure is illustrated in Sec, IV, using computer programs (including

a Stock Selection and an Evaluation Model) whose algorithms are described
in the Appendix,
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I. INTRGDUCTION

The Apollo* prelaunch operations consist of a sequence of activi-
ties. Typically, these activities are inspect, transfer , assemble,
disassemble, tect, weigh, and checkout. Scme cf these activities
result in the discovery of malfunctions. These malfunctions may result
in demands for replaceme:at parts for the vehicle. Many of these parts
are high-cost items witbk limited resupply capability and relatively
long rzorder time. Furthermore, the facilities required to repair these
parts usually are expeasive. In general, replacement parts are available
from such sources as stock on hand, local bench repair of malfunctioning
parts, local assembly from components, subsequent vehicles, and remote
sources such as the manufaccurer. The purpose of this Memorandum is to
present methods that will assist in establishing a strategy governinug
the use of these sources. Such a strategy is referred to as a replace-
ment-parts policy. More specifically, in projects such as the Apollo
prelaunch operations, tte proposed methods should be useful for such
problems as setting initial stock levels for parts, establishing the
repair facilities that should be provided, estimating the extent to
which reorder capability from the manufacturer can be substituted for
local stocks, evaluating the potential effectiveness of methods for
expediting orders, analyzing the effect of different stock locations,
and dealing with similar problems that originate in the task of select-
ing and evaluating a replazement-parts policy.

During the prelaunch operations, demands for parts for the launch
vehicle and spacecraft will tend to decrease as the schedule approaches
the launch date, since as the schedule progresses the 'bugs" should be
worked out of the system. On the other hand, the penalty associated
with not having a part when it is needed tends to increase as the launch
date approaches, since there is less opportunity Lo schedule around

delays. For example, a one-day delay at final countdown could scrub

*This includes the Apollo Spacecraft and the Saturn V Launch
Vehicle.




R

o

.
K
5
%
4
%
.
s
3
he
Yo
"
LA

w

L E

the schedu'ed launch, but a similar delay while the Saturn V is in the
Vertical Assembly Building or while the spacecraft is in the Opera-
tions and Checkout Building may require only minor changes in the
schedule. Even though the penalty for not cowpleting the countdown
within the launch window constraints is severe, a parts policy should
be formulated on the basis of considering the total operations plan.
That is, it is not sufficient to look at only the countdown phase, or
at any other single phase of the operation.

While looking only at countdown might give information about
stock levels for spares, it would not be very illuminating on ques-
tions of bench repair facilities, priorities, reorder schedules, or
rules for cannibalization. Bench repair facilivies, for instance, are
relatively useless during final countdown, because there is simply
not sufficient time to bench repair a malfunctioning past. Even in
setting stock levels, it is necessary to consider all phases. For
example, during countdown there is iimited access to the space vehicle.
This means that there are relatively few parts which can be removed
and replaced. After cryogenic loading, there is practically noc access
for maintenance activities. There is limited oppor:unity to remove
énd replace a few parts. The decision to stock these parts, which
generally are small and relatively inexpensive, probably can be made
without any additional analysis. However, countdown considerati us
alone would set only lower bounds on stock levels for these parts, since
they would not take into account the more frequent demands which occur
during preceding phases.

In order to select from among replacement-parts policies or even
o evaluate one policy, it is necessary tc have both a measure of cost
and a measure of effectiveness. The measure of cost must reflect at
least the cost of establishing and maintaining the stock levels and
repair facilities. The measure of effectiveness should be formulated
in terms of the amount of delay to the schedule (e.g., expected pro-
sect time, probatility of launching on schedule, or measures that
depend vpon the completion time of several activities, such as the
mating of the spacecraft to the launch vehicle as well as countdown).
A more complete discession of measures of cost and effectiveness is

given in Sec. III.




The problem of selecting and evaluating a replacement-parts
policy for projects such as Apollo prelaunch operaticns has two special
features that differentiate it from other inventory problems. These

are:

1) Partias predictability of demands. An operation plan specifies
the sequence of activities or tests to be performed. It is during these
tests that malfunctioning parts are identified and demands for these
parts are generated. Therefore, once the operations plan is specified,
it should be possible to identify the locations in the schedule where
demands for a particular part might occur. For example, a demand fer
a 10X valve may occur during furctional checkout of a propulsion system,
but almost certainly not during checkout of a guidance system.

2) Complicated relationship between parts shortages and
effectiveness. The effect o¢f a parts shortage on delay depends not
only on the length of time the shortage exists, but also on where in
the schedule the demand occurs and where in the schedule the demand
must be filled. .

Suppose, for example, that a portion of a project consists (f
checking a two-component subsystem, where test R checks for the accept-
ability of component r and test S checks for component s. Suppose,
further, that tests R and S cannot be performed simultaneoulsy and that
the operations plan specifies test sequence R, then S. Following the
completion of tests R and S, the subsystem is transferred to another
location., Each test takes 2 days to complete, and the transfer takes
1 day. If a test discovers a malfunctioning component, the component
is sent to bench repair, and it must be replaced before the transfer
activity can begin., For simplicity, suppose that after the component
is repaired it is ready to be installed, and it can be installed with-
out interfering with the other test., Suppose also that the complete
test dozs not have to be repeated. (Actually, allowing for retest does
not change the results -- only the complexity of the analysis.)

Figure 1 represents a bar chart of the present schedule of activi-
ties if both tests are "Go." The total project time is 5 day.-, Tig-
ure 2 represents the schedule if test R is "No Go," test S is "G¢,"
and component r is not in stock, so that the defective component imust
be repaired. The project takes 5 days to complete because the l-day
repair of component r can be accomplished while test S is being con-
d.cted. Figure 3 shows the schedule if test R is "Go," test S is '"No Go,"

and component s is not in stock. The total project time is 6 days.
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Fig.1—Bar chart: both tests ''GO"
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Fig.2—Bar chart: R "NO GO", S "GO"

For the two latter situations, a parts shortage existed for
1 day; however, the shortage of component r did not cause a delay,

while the shortage ot component s did cause a 1l-day delay in the
transfer activity. Actually, the effect of a parts shortage on
delay is more complicated than this example indicates because the
delay depends not only on the length of time the shortnge exists,
and where in the schedule the demand must be filled. out also upon

the occurrence of other shortages for the same part as well as for
other parts.
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Fig.3—Bar chart: R "G0", S'"NO GO"

Any method used to evaluate and select replacement-parts P
policies for Apollo prelaunch operations at Merritt Island should
be consistent with the two spc-tial features described above. That
is, the methods should account for the complicated relationship
between parts shortages and delay, and should make use of the
partial predictability of demands. 1In so doing, they will not only
make use of such traditional data as malfunction rates, costs of
stocking parts, and repair or reorder times, but also data on the
schedule of operations.

In Sec. II, where the basic network approach is described by
means of a simple example, the primary concern is with presenting the
concepts embodied in the network approach, rather than the specific
assumptions required. Section III states these assumptions, shows
how some of them can be relaxed, and discusses some of the limitations
of the approach. Two numerical examples are presented in Sec. IV.
Computational techniques, which may be used to implement the approach
and which form the basis for the computexr program, are described in

the Appendix.
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II, DESCRIPTION OF A NETWOKK APPROACE

As Sec. I indicates, the problem of establishing a replacement-
parts policy for Apollo prelaunch operations is distinguished from
other inventory problems by certain unique characteristics. The pur-
pose of Sec. II is to describe a network approach to this problem
which incorporates the two special features identified ia Sec I:

1) the partial predictability of demands, and 2) the complicated
relationship between parts shortages and effectiveness.

The chief concern in Sec. II is with the description of the
approach itself, rather than of the ways in which it can be applied.
Emphasis upon the approach and upon the concepts is here stressed
through the use of some simplifying assumptions and the limiting of
discussions to elementary examples. The statement and discussion
of underlying assumptions is postponed until Sec., III. After an
examination of the problem of evaluating a replacement-parts policy,
the problem of selecting a policy is considered. The final portion

of this section discusses two ways of reducing the size of the problem.

A METHOD FCR EVALUATING A REPLACEMENT-PARTS POLICY

The approach to evaluating a replacement-parts policy presented
here is to represent the scheduled prelaunch operations as a project
*
network, During these scheduled assembly and checkout operatiors,

various pnon-scheduled activities are performed. For present purposes,

the important non-scheduled activities are those associated with replacing

malfunctioning parts. These replacement activities are included by
means of adding arcs to the original network. The manner in which

these arcs are added and the times associated with them are functions

)
For a discussion of project networks, see, for example, J. E. Kelley

and M. R. Walker, "Critical Path Planning and Scheduling," Proceedings
of the E.J.C.C., 1959, pp. 160-172; and D. G. Malcolm, J. H. Roseboom,

€. E. Clark, and W. Fazar, "Application of a Technique for Rescarch and

Development Program Evaluation,' ORSA, Vol. 7, No. 5, September-October,

1957, p. 646.




of the particular parts policy being evaluated. An example will
demonstrate the procedure for evaluating a parts policy.

Suppose that Fig. 4 represents a schedule of activities in project
network form for a two-part system. There are a total of eight activi-
ties represented by arcs in the network. Each of these activities is
a scheduled operation, such as a checkout, an assembly, or a transfer.
The nodes, which are indicated by “he encircled numerals, represent

events or specific points in time.

Fig.4-—Nominal schedule

The network shows precedence relations among activities. TFor
instance, activity {6-7) cannot be started until both activities (4-6)
and (5-6) are completed. But activity (3-5) can be perfoimed simul-
taneously with activity (3-4). In addition, each activity has a time
associated with it which represents the time required to perform the
activity. These times are shown above the arcs in Fig. 4, The data
needed to construct Fig. 4 are given in Table 1. Note that antivity
(2-3) requires zero days to perform. This is a dummy activity that is
required for demand interpretation; it is explained below.

Table 2 describes all of the possible demands which can occur for
these two parts. The "d:mand node" identifies the point in the network
at which the demand occurs, if, in fact, it does occur. The "fill node"
identifies the pointi in the network at which the demand must be filled

in order to avoid delaying subsequent activities. The dummy activity

. T " AR
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(2-3) serves to represent the situation that part R must be replaced
immediately, because effectively the demand node and the fill node
occur simultaneously. It is assumed that demands are independeat events

with the indicated probabilities.

Table 1

ACTIVITIES LIST

First Second Time
Node Node | Required
1 2 1
2 3 0
3 4 3
3 5 6
4 6 4
5 6 4
6 7 5
7 8 2
i
Table 2

POSSIBLE DEMANDS

Identification | Part | Demand| Fill | Probability

Number Type | Node | Node| of Demand
: 1 R Z 3 .1
: 2 R 4 6 .2
: 3 S 5 7 .3

The replacement-parts policy to be evaluated here consists
of providing one spare for part R and no spares for part S,
and bench repair facilities capable of repairing part R in 11 days
and part S in 13 days. This parts policy is reprevented in Table 3.
The parts policy for this example has been eviluated in Table 4.

T BN g s o,

: Since there are three possible demands, there are 23 = 8 different

sets of demands which can occur. Each of these sets is listod in the
# first column of Table 4. The second and third columns of the table

contain, respectively, the project time associated with each of these




'
\0
i

Table 3

PARTS POLICY

Quantity | Repair
Type | in Stock | Time

R i 11
S 0 13
Table 4

EVALUATION OF PARLS POLICY

Realized | Project Probahbility x
Demands | Time Probability| Project Time
None 18 .504 9.072
1 18 .056 1.008
2 12 .126 2.258
1,2 19 014 0.266
3 22 .216 4.752
1, 3 22 .024 0.528
2,3 22 .054 1.188
1,2,3 22 .006 _0.132
19.214%

a
Expected time in days.

possible demand patterns and the probability of occurrence. To demon-
strate the evaluation prcocedure, consider, respectively, the first,
the fifth, the fourth, and the last rows of the table,

1) Demand Set = {none}. When there are no demands, :h. only

activities are the scheduled ones--that is, there are no non-scheduled
activities. Thus, the network which must be evaluated is that given
in Fig. 4. Evaluating a project network consists of attaching a time
to each node in the network; this time represents the carliest time
tha- the activities having that nole for their first node can be begun.
The time assigned to the lzst node of the network is the pruject time.

The procedure is to assign the time 0 to the first node of the network,
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and to proceed as follows to assign times to the remaining

the network shown in Fig. 4, the time for the second node i
for the first node plus the activity time of one day for a

(0+1) =1 day. Similarly, the time at acde 3 is (14+0) = 1,
4 is (i+3) = 4, at node 5 is (1+6) = 7. The time at node 6
greater of (4+,) or (4+7), i.e., 11 days. The time at necde
(1145) = 16, and, finally, the¢ total project time is (16+42)
Note that if all actjvities are on schedule, activity (4-6)

three days ahead of activity (5-6). Thus, there is a three

nedes. For
s the time
total of

a- node

is the

7 is

18 days.

is completed

~day slack

period for activity (4-6), which means that a three-day delay in the

compietion of this activity does not delay activity (6-7) or the

project. The total project time of 18 days is for the case

where there

are no demands. If the independence assumption and the probabilities

given in Table 2 dare used, the probability of no demands is
bility that demands 1, 2, and 3 do not occur, i.e., (1-.1)x

2) Demand Set = {3]. HNow consider the case where the

the proba-

(1-.2)x(1-.3) =.504.

only demand

that occurs is demand number 3(i.e., 2 demand for part S occurring

at node 5 that must be filled by node 7). This demand gives iise to

one non-scheduled activity, namely, the removal, benck repair, and

replacement of the malfunctioning part., This activity cannot begin

until node 5 and must be completed bty node 7. Thus, the network repre-

sentation of the operations that must be performed, both schedvied and

non-scheduled, is as shown in Fig. 5. An arc from node 5 to node 7 is

N 13

6
4\,\
3 4 5 2
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Fi, 5—Augmented network (one demand)
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added to the nominal network given in Fig. 4. Assuming that the
removal and replacement of parts takes negligible time, the time
associated with this added activity is the bench repair time for

part S, namely, 13 days., (See Table 3.) The evaluaticn =f this network
éives a total project time of 22 days. Note that the increase over the
nominal project time (Fig. 4) is 4 days and is not the same as the
bench repair time for the part, which is 13 days. This demonstrates
the necessity of evaluating a parts policy in the context of the
schedule of operations. Again, under the assumption of independence

cf demands and for the prchabilities given in Table 2, the probability
of only demand 3 occurring is (1-.1)x(1-.2)x(.3) = .215.

3) Demand Set = {1.2}. Figure © shows the augmented network when

demand 1 and demand 2 occur (i.e., a demand for part R at node 2, which
must be filled by node 3, and another demand for part R, which occurs
at node 4 and must be filled by node 6). The demand that cccurs at
node 2 can be filled from scock, since one of part R is siccked. This
demand gives rise to a remove-and-replace activity the first node of
which is 2, and the second 3. The activity will take 0 time, since,
for this examplc, it is assumed that removal and replacement time is

negligible. Although there is not another part in stock to fiil the

Fig.6—Augmented network (two demands )

second demand, the part that is removed at node 2 can be repaired and
used to fill the demand occurring at node 4. Thus, the second demand
generates a remove, bench repair, and replace activity the first node of
which is 2 and the second node 6. The activity has a time of 11 days--

i.e., the repair time for part R.
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The total project time for the network is 19 days, which repre-
sents an increase of 1 day over the nomina: project time. Again, this
could not have been inferred from the repai. times alone. The proba-
bility that demands 1 and 2 but not 3 occcur is (. 1)x{.2)x(1-.3) = .014.

4) Demand Set = {1,2,3}. When all demands occur, three non-

scheduled activities must be added to the aomiral network. They are
the same activities ideatified under 2) and 3) above. The augmented
network is shown in Fig. 7. The total proiect time is 22 dzays. Note
that this project time Is the same as when only demand 3 occurs even
though demands 1 and 2 alone cause a one-day increase in the nominal

schedule.

Fig.7—Augmented neiwork {aii demands )

The probability that all three demands occur is {.1)x(.2)x(.3) =

00n,

The projecu times listea in Table 4 with their associated proba-
bilities give an expeciud project time for the varts policy of 19.214
days. Project time is only one of many possible measures of effective-
ness that can be used. For instance, one may be interested in the
probability of completing the project within a specified number of days
or of hitting the launch vindow. Also, for subsequént scheduling, the
transfer of the s-ace veh.cle from the Vertical Assembly Building to
the lzunch pad may be an important evenc but still less critical than
the actual launch. In this case a combined measure can be used that
is some weighied combina’ion of the time of the transfer and the time
c{ the iaunch. In the case of a multi-vehicle project the measure may

be a function of the launch times for several vehicles. A more complete




-13-

discussion of measures of effectiveness is presented in Sec. III.

The compniter program (Evaluation Model) which was written for
this Memorandum takes as inputs a schedule of activities (Table 1),
a parts list (Table 2), and a list of possible demands (Tabie 2}.
The output of the program is an estimate of expected effectiveness.
The program evaluates a given parts policy in much the same way as
that just described for the example network. However, it does not
enumerate and evaluate all possible demand sets. This would be an
impracticable task for any but the most trivial problem. For instance,
30 parts, each with 10 possible demands, represent 2300 different
demand sets. Therefore, instead of enumerating all demand patterns,
the procedure is to employ a Monte Carlo technique. Specifically,
a sample of demand sets is drawn, and the expected measure of effec-
tiveness is estimated from the sample. One iteration of the model
proceeds as follows. First a set of demands is generated on the basis
of the possible demands and their probabilities. As a function of
these demands and the parts that are carried in stocl,; arcs that are
needed to fill the demands are added to the nominal network., Times
for the nodes of the network are computed. The measure of effectiveness
is computed as a function of these times. (For the above example, this
is the time at the last node.) The measure is then averaged with the
measures obtained on previous iterations. This sequence is repeated
for as many iterations as desired. A more complete description of

the computations within the Evaluation Model is given in the Appendix.

SELECTING A REPLACEMENT-PARTS POLICY

The network model described above evaluates a given replacement-
parts policy. Ideally, one would like to have a pracedure that would
not only evaluate a parts policy but would also determine an "optimum"
or at least a "good" parts policy. Since a replacement-parts policy
specifies both the repair facilities (or, in general, the resupply
capability) and the stock levels, and since the "optimum'' stock
levels depend on the available repair facilities, the procedure is to
select stock levels for a given repair facility. Different replacement-

parts policies can be established by considering other repair facilities

} ;-C’:_,,“ .
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and by selecting stock levels that are compatible with these repair
facilities.

The procedure described here to determine stock levels is an applica-
tion of marginal analysis. The procedure is as follows. Let the first
policy in the sequence consist of carrying no parts in stock- Then
find a part which, when added tc stock, results in the greatest addi-
tional expec:ed effectiveness per added cost. This stock repfesents
the second policy in the sequence. Subsequent policies are obtained
by repeating the process. (A more compiete discussion is presented in
the Appendix).

Suppose one wants tc generate a sequence of '"good" stocking policies
for the illustrative twc-part project descrited in the preceding section.
For converience, project time will be used as the measure of effective-
ness., The first step is te determine the expectad project time when
no parts are carried in stock, that is, when one relies on only the
repair capability. Next one needs to determine the additional expected
effectiveness (3,e., expected reduction in proiect time) per cost when
addiag respecfively one each of parts R and S to stock. Then ore
adds to stock *hat part which gives the greatest reduction in expected
project time per cost. Using the scheduie of activities (Table 1)
and the resulting nominal schedule (Fig., 4), the parts list (Table 3)
and the list of possible demands (Table 2), one evaluates expected
wroject time for each of the three stocking policies (i.e,, respectively,
none in stock, only one of part R in stoc:_ and only one of part S

in stock) in the same manner as indicated in Taile 4., The results

are shown in Table 5. For this example, the Stock Selection

Table 5

EXFECTED PROJECT TIME

Expected
Stocking Time
Policy in Days

Mone 20.360
R 19.214
S 19.900

AT TP
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Index is the change in expected froject time divided hy the cost of
the part. Suppose that part R costs $10 and that part S costs $12.
Then the “None" column 1n Table 6 gives the stock selection indexes
for parte R and S since (see Table 5) stocking one of F reduces the
expected project time by 1.646 daysz and stocking oae ¢ . § reduces the

expected project time by .960 days. Dividing these respective changes

Table 6

STOCK SELECTION INDEZXES

Stocking Policy
Parr { None R R&S | R&S&R
R {.1646 | .0014 | .0020 0
S .0800 } .0995 0 0

by the cost of the part yields the values shown in the "None" column,
which represent the change in expected project time per dollar invested.
rart R is stocked on the basis of this selection index; this represents
the second stocking policy in the sequence, the first being 'None."
The sequence is continued bv repeating the above process, ewcept that
now the change in the expectad project time is evalusted when one of
each part is added to an existing stock of ome part R. Therefore, the
valuae .0014 in the second column represents the change in effectiveness
per dollar by adding a second part R to stock and, similarly, .0995
represents the effect of adding the first part S to stock given one of
R in stock. By sequentially adding to stock that part which has the
largest selection index a sequence of '"good" stocking policies is
generated. For this example the sequence is None, R, R&S, and R&S&R.
This procedure generates, for a given bench repair facility, a
sequence of stocking policies with corresponding costs and expected
project times as shown in Table 7. The summary data are plotted in
Fig. 8 in terms of expecred delay which is defined as the difference

vetween expected project time and the nominal project time of 18 days.

Bt
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Table 7

SUMMARY DATA OF STOCKING POLICIES

rxpected Stocking
Stocking | Project Time Cost
Policy (Days) (Dollars)
None 20.860 00
R 19.214% 10
R&S 18.020 22
R S&R 18.000 32

If the cost of the repair facilities is included, a cost/effect-

iveness curve for the resulting replacement-parts policy (i.e., repair

facilitiezs and stocking policies) can be plotted. In general, differ-

ent investments in repair facilities can be made, the result being

different repair capabilities and repair times. Different repair

facilities will result in different stock levels and, therefore, in

0 T = _..3T-f
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Fig.8—Cost/expected delay curve of stocking poficies
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different cost/effectiveness curves. Comparing these curves, and
taking into account the cost of the repair facilities as weli as
stocks, a simvltanecus choice of bench vepair facilities and

stocking policies (i.e., a replacement-parts pclicy) can be made.
Suppose the cost/effectiveness curves in Fig. 9 are the result of
considering three different repair facilities. Moving from curve L
to 3 represents increasing investment in repair facilities. For a

. given curve, increasing investment ccrresponds to increasing expendi-
tures for stocks. If, for example, one decides to invest I dollars
on a replacement-parts policy, cne would select Lu.cli T2pais policy 1
and the stocking policy represented by point a on curve 1. However,
if one decides to invest I' dollars, one would select bench repair

policy 2 and the stocking policy represented by point b.

Expected effectiveness

Investment

Fig.9—Generalized cost /effectiveness curves
for replacement-parts policies
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A Monte Carlo computer program (the Stock Selection Model) has
been written to estimate stock selection indexes. Inputs are the
same as those required for the Evaluation Model, with the addition of
costs for the parts and a specificaticn of the parts whose selection
indexes are to be estimated. In broad outline, one iteration of the
program runs as follcws. First, a set of demands is generated on thaz
basis of the possible demands and their probabilities; these are inputs
to the program. On the basis of these demands and the parts that are
carried in stock, arcs that represent activities needed to fill the
demands are added to the nominal network. Times for the nodes of
the augmented network are then computed, and a measure of effectiveness
u, is calculated. Then the quantity of the part heing analyzed is
increased by one, the demands are reinterpreted, the node times for the

new network are computed, and a mneasure cf effectiveness u., is computed.

1
The difference u, - U, represents the incremental effectiveness of increas-

1

ing by one the gunantity stocked of the part being analyzed for the
particular demands that were generatel, This increment is then averaged
in with the increments obtained on previous iterations. This process

is repeated for as many terations ac desired. The estimate of the
expected incremental effectiveness thus obtained is uivided by the
incremental cost of adding one cf the psrt to stock--to obtain the stock
selection index for that part. A more complete description of the

computations within the Stock Selection Model is given in the Appendix.

REDUCING THE SIZE OF THE PROBLEM

In an attempt to keep computler running times within tolerable
limits, the following techniques have been incorporated to reduce the
size of the problem; 1) eliminating non-critical parts and demands, and

2) reducing the size of the network.

Eliminating Non-Critical Parts and Demands

s, xy

It is quite possible that, for a given repair capability and & sched-
ule of activities, it is not necessary to stock a particular part. That

is, the repair facilities can repair a malfunctioning part within the
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allowable time to prevent delaying subsequent activities. Such parts
are referred to a non-criticgl* parts, and the stock level for these
parts is set at Zcro without further analysis.

Suppose Fi- 10 represents a nominal network. The activity times
are indicated ibove each arc. The three dasned lines, r, s, and t,
represent possibie demands for three parts, R, S, and T, which hav.
respectively repair times of 6, 9, and 8 days (for a specified bench

repair capability). Comparison of the repair time with the longest

Fig. 10— Nominal network

path in the nominal network between the demand node and fill node for
demand t identifies part T as a non-critical pavt. For t the demand
node is 4 and the fill node is 7. The lorgest pat: from 4 to 7 is 9
days; therefore, the 8-day repair time for part T is adequate to
prevent delaying activity (7-8). Thus, there is no need to stock part T

and no need to include demand t in subsequent analysis. uhis is not

*The distincticn between critical and non-critical parts is made
only on the basis of whether or not the repair facilities can repair a
malfunctioning part within the allowable time to prevent delaying any
subsequent activity. In this context, a part may be considered "criti-
cal" and still not be stocked because, while a shortage of that part
may delay one or more activities, it need not affect the overall
measure of nffectiveness. Actually "critical' means "requires further
analysis."
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true for parts R and S and demands r and s. The computational tech-
niques used within the computer program to eliminate non-critical patts

and demands (Parts Reduction Program) are described in the Appendix.

Reducing the Size of the Network

The network shown in Fig. 10 can be reduced to an equivalent net-
work that contains the first and last nodes (1 and 8) and the demand
and fill u>des for demands r and s (2, 3, and 7). First, part T is
non-critical, so that, regardless of whether or not demand t occurs,
the longest path time between nodes 2 and 7 (via ncdes 4 and 6) is 13
days. Thus nodes 4 and 6 can be eliminated, and the five arcs (2-4),
(2-5), (4-6), (4-7), and (6-7) can be replaced by the single arc (2-7),
with an activity time of 13 days. The longest path time between nodes
3 and 7 is either 8 days (i.e., the repair time for part S) or 6 days
(i.e., the nominal schedule), depending on whether or not demand s

occurs. Therefore, the two arcs (3-5) and (5-7) can be replaced by a

single arc (3-7) vith a time of 6 days. Thus, by considering only demand

and £ill nodes of critical demands, one can reduce the nominal network

shown in Fig. 10 to the equivalent network shown in Fig. 11.

Fig.11-—Equivaient ne‘work

The nominal network with 8 nodes and 9 activities is reduced to an
equivalent network with 5 nodes and 5 activities. The computational
techniques used within the compucer program to reduce the size of the

network (Network Reduction Program) are described in the Appendix.
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III. EXTFNSIONS AND LIMITATIONS OF THE NF.wuw” APPRCACH

Sec+ion II described a network approach to evaluating and select-
ing replacement-parts policies. Implicit in the examples were some
simplifying assumption . This section will indicate what the assump-
tions were, how some of thzx can be relaxed, and what some of the
limitations of the approach are. Problems commcn to evaluating and
selecting a replacement-parts policy will be ccnsidered first, and

then those problems peculiar to selection.

EVALUATING AND SELECTING » KEPLACEMENT-PARTS POLICY

The acsumptions in Sec. XTI pertained to the prelaunch operations,
demands for parts, the supply system, and measures of effectiveness.

1) Prelauach Operations. The schedule of operations can be

represented by a project network. In particular, the amount of time
required to perform the scheduled activiticg is aot a random variable.
Also, the amourt of time required to remove and replace a part, given
that a replacemeni is available, is negligible. Finally, the opera-
tions pertain to only one vehicilc

1) Demands for Parts. Demands for replacement parts occur at

nodes in the network of scheduled operations, and the points at which
these demands must be filled are identifiable as uodes in the network.
The demands for replacement parts occur independently of one ancther,
and with probapilities that do not depend upon the past history of the
parts being replaced. Finally, for any given part, the aemands occur

in series within the network. That is, the demand and f£.1l nodes for

a given part all occur on one path in the network, (e.g., in —he example
in Sec. II, both demands for part R occur on tue path 1-2-3-4-6-7-8.

If the fill node for the first demand for part R had been node 5 in-
stead of node 3, then this assumption would have bzen violated).

3) Supply System. The supply is a two-echelon system in which
the first echelon consists of local stocks and the second echelon is
local bench repair. A malfunctioning part is put into bench repair as
soon as it has been removed from the vehicie. Required repair time
for the malfunctioning part is a constant depending only upon the type

of part.

T
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4) Measures of Effectiveness. The measure of effectiveness used

to evaluate the replacement-parts policy for the example was project
time (cr delay to the nominal schedule). Thus, in selecting a stocking
policy for the assumed repair capability, an effort was made to minimize
expected dclay.

The wayvs i whicl some of these assumptions and restrictions can

be removed or alleviated are as follow.

Random Aciivity Times

Random activity times can be includec¢ in the analysis. In the
Evaluation and Stotk Selection modals this means sumpling for the

rimes of activities as well as for the occurrence of demands.

Non-Negligible Remove and Replace Times

Remove and replace times can be included in the time required to
perform non-scheduled activities -- thereby removimg the assumption
that th'y are negligible. When the non-scheduled activity includee
repair of the malfunctioning part, the remove and replace times should
he added to the repair time. When the non-scheduled activity is obtain-
ing a replacement part from stock, the time associated with this activity
shoiid be the remove and replace times for the part. Ncn-negligible
remove and replace times necessitate a modification of the procedure
for gugmenting the nominal retwork {i.e., adding arcs to it). Whereas
for negligible remove and replace times ar.s were added only to represent
bench repair activities, now, with non-negligible remove and veplace
times, one must add arcs to represent the remove and replace activities
for every rea:iized demand. Hhaving to vemove and replace a part might
delay a subsejuent activity regardless of whether or not the part is
available frcm stock. Furthermore, one must add the remove and replace
times to the repsir time to obtain the total time for this activity.
Suppose, for example, that Fig. 12 represents a aominal network. The
activity times are indicated above each arc, The two dashea lines,
¢ and d, represent two possible demands for the same part. That is, the

mal functioaing part discovered at event 2 must be removed and replacad
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Fig. 12-—Nominal network

Figure 13 represents the augmented network when both demands occur
and only one of the part is stocked. The time assigned to the added
arc (2-3) is the reiwove time, Ty plus the replace time, RI’ for the

first demand. The same holds for the added arc (4-5). The time assigned

to the repair arc (2-5) is the sum of the bench repair time, b, the remove

time T, for the first demand, and the replace time, R,, for the second
&

demand. 1In this context, retest time can be included as part of rae
replace time.

Fig.13—Augmented network: two demands,
one part in stock

This treatment of remove, replace, and retest times is only a
partial answer to the problem, since there may be some scheduled
acrivities that are constrained by the remove, replace, and retest
activities but not by the activity of obtaining a replacemeni: part.

Such constraints are not covered by the above approach.
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Multi-Vehicle Projects

Multi-vehicle projects (i.-e., concurrent preparation of several
vehicles for launch) can be combined into one large network. This
approach, however, will result in the occurrence of "parallel" demands
for the same part which require special treatment. This problem is

discussed below under "Parall. 1l Demands,"

Demands Occuring During Activities

1+ might be desirable, vy allowing demands to occur during
activit_==. zo weaken the assumption that demands occur only at nodes.
However, the elfect of this generalization can be obtained by breaking
some of tne activities into a series of smaller activities and allowing

dewgnd s to occur at the nodes which have been added.

Statistical Dependence Among Demancs

The assumption that demands occur independently probably is not
too gross corridering, the ususl unreliab:lity of demand data. However,
basically there is noc reason why a more ccmplicated joint probability
distribution 1,: dernands could not be used, although doing so might
require considerable change in the saupling techniques described iu
the Apoendix. It is essential to the mnetwork approach that the
probability of a demand can be specifi-d by knowing only where in
the schedule of activities it might occnr and not the exact time
that it might occur. Therefore, if the piobability that a demand
occurs at a given node depends upon the time of the node, then that
time must be approximated (e.g., use the nominal network to compute

the node tim2),

Parallel Demands

The constvaint that the demand and fill nodes for a given part all
occur on one path in the network can be relaxed, provided a priority
for filling “parallel" demands is specified. A part has "paraliel"
demands when all of the possible demands for that part de not occur

on one path in the network. This problem w.ll occur, for example,
with rulti-vehicle projects.
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Suppose that Fig. 14 represents a nominal network. The activity
times are indicated above each arc. The two dashed lines, ¢ and d,
represent two possible parallel demards for the same part. That is, the
malfunctioning part which is removed at event 3 must be replaced at

event 5, the same process being carried out r possible demand d. When

Fig. 14— Nomina: network

both demands occur and only one of the part is in stock there are
four ways to modify the nominal network as showrn in Figs. 15a,b,c,
and d. (Tte repair time for the part is 4 days.)

In order first toc modify the o-iginal network so that it reflects
the demands and stock policy and then to compute the earliest time for
each event in this augmented network, it is necessary to specify in
advance of the time computation which type of modification is to be
used. This is, in effect, a specification of the priority system.

For the above example, it means that one of the four modifications

must be selected before the effect of this choice on the event times

is determined. If it is desirable to have a priority system hased on
event times (e.g., first-come-first-served) then this priority system
can be approximated hy using event times computed on the basis of the
nominal network. This treatment of first-come-first-served would, for
the above example, choose the modification shown in Fig. 15d. If this
cannot be done then a model that, in effect, simultaneously assigns
tines to the events anc modifies the network, or, in short, a simulation

model, is required.

CL
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Multi-Echelon Supply Systems

In Sec. IT the second echelon was defined as local bench repair,
altbough it could have been interpret=d just as easily as bench repair
at the manufacturer or recrder from the manufacturer or some other
source of resupply. For the purpose of evaluating a replacement-
parts policy, the important parameter for 1 part is the amount of
- time It takes to obtain a replacement part from the second schelon.
This time is defired as the recycle time for the part. For the
technique prese..ted heie, it is essential that there bte only two
echelons of supply for each part for amy particular evaluation, and
that the first echelon be local stocks. However, the second echelon
may be different for different parts. To illustrate: for a particular
evaluation the second echelon for electronic components might be local
bench repair at Merritt Island, and for mechanical components the

second echelon might be repair at the manufacturer's wain piant.

Different Reurder Policies

In Sec. II, the “reorder" policy was to "order' a part from the
second echelon as soon as a part was removed from stock. It is possible
to represent different reorder policies. For example, consider tbe
policy which requires that no part be reordered unless there is none of
that part in stock and there is a demand for the part. Under such a
policy, the representation of replacement activities will be the same
as that described in Sec. II, except that each replacement activity
will have as its first node the node at which the demand causing it
occurred, rather than some earlier demand node. Assuwing negligible
remove and replace times, the times on the added activities would
be zero when there is a replacement in stock and would be equal to

the recycle time when a part is not in stock.

Random Recycle Times

It is possible to make the recycle times for parts random
variables, In the Stock Selection Model and the Evaluation Model this
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means that in addition to sampling for the occurrence of demands,

one would also sample for recycle times.

Different Measures of Effectiveness

Any function u of the times tyseeesty of the various nodes
1,...,n in the network may be used as the me.isure of effectiveness.
For example, if u(tl,...,tn) = -t and n is the last node in the
network, then maximizing E(u), where E is mathematicz. -xpectation,
is the same as minimizing expected project time. On the other hand,

if u{t tn) = 1 for L < d and 0 when tn3> d, then E(u) is the

ye ooy
probability of completing the project within d days. Suppese the
pruject is a two-vehicle project, and that node i represents the
completion of countdown for the first vehicle iand r ,de n for tne
gsecond., If u(tl,...,tn) = 1 when t, < d and t, € -nd 0 otherwise,
then E(u) is the probability of launching the £ <« veliicle by time

d and the second vehicle by time e.

SELECTING A REPLACEMENT-PARTS POLICY

In addition to the foregoing problems that are common to both
evaluating and selecting, there are some that are peculiar to the
problem of selecting a replacement-parts policy, i.e., those connected
with using marginal analysis and those connected with formulating an

adequate cost model.

Interaction Among Parts and Limitations of Margiaial Analysis

The net.work anproach allows one to assess the relative criticality
of parts not only in context with the schedule of activities and the
resupply facilities, but alsc in relation to the other demands for
parts. The approach allows one to assess the extcnt of the inter-
action among parts. Two types of interaction exist: 1) the effective-
ness of stocking part j increases as the stock level (: part i is
increased, and 2) the effectiveness of stocking part j decreases as

the stock level of part i is increased,
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In order to illustratc the first type of interaction, suppose

the nominal schedule and possible demands r and s for parts R and S

The recycle times for

respectively are as represented in Fig. 16.
I1f R and S are not stocked.

R and S are respectively 5 days and 4 days.

then
e
} / \
3
O——@— -—2—@
\
L__.__S_____//

Fig.16—Nominal schedule and possible
demands for R and S

the project time is reduced bv stocking S when a demand occurs Ior

However, after R has been stocked,

S only when no demand o:curs for R.
for S

the project time is reduced by stocking S when a demand occurs

whether or not a demand occurs for R. Thus, the effectiveness of

stocking S increases as the stock level of R is increased.

Suppose, to illustrate the second type of iateraction, that Fig. 17

represents the nominal network  As before, 1f R is not stocked, then

the project time is reduced by stocking S when a demand occurs for §

ouly if a demand occurs for R. But, after stocking part R the project

time is never reduced by stocking S. Here, the rffectiveness of stocking

S decreases as the stock level of R is increased.

\
\ r / \

S

s /
) W
Fig.17—Nominal network
Because of the interaction among parts, the margiual analysis

approach may not always give optimum solutions when it is used to

determine stock levels. This approach consists of sequentially adding
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parts to stock, the part added at each step being the one that yields
the greatest ratio of incremental gain in expected effectiveness to
incremental cost.

Suppose, for example, that Fig. 18 represents the nominal
network and possible demands r, s, and t for three parts R, S, and
T, respectively. The recycle times for parts R, S, and T are respec-
tively 3, 3, and 2 days, and the relative costs are respectively
4, 6,and 10 dollars. If one assumes t'd4t all three demands always
occur, then the marginzl analysis approach of looking at one part
at a time gives a non-optimum solution, because, for this situation,
the incremental effectiveness of stocking one of T is 1 day while
the incremental etffectiveness of stocking R or § is 0 days. Therefore,
one would stock 1 of U at a cost of $10 and never stock R or S.
However, it is clear from the example that a better policy is to
stock both R and S, rather than T, and obtain an incremental effec-

tiveness of 2 days, raiher than 1, for the $10 investment.

=1
{ 1

(D—! /\?J/Ll @ 1@ 1_@ L ©
LS Lot

Fig. 18—Nominal network and possible demands for R, S and T

Fortunately, if the probabilities of the demands are low enough,
the correct :choice will emerge. It will be assumed, for simplicity,

that the probability of Jemand for each part is the same. Let:

-

Probability of demand for the t:b part;

hs )
14

th

Ai = Incremental effectiveness for stocking the i—
part, when no parts are carried in stock;
¢, = Cost of stocking the tsb part; and
= Mathematical expec“ation.
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Then:

E[a;] = 2p(1-p)

n

Efag] = 2p(1-p)

ft
-]

Ela;]

Part R wovld be stocked before part T if:

E(AR)/CR > E(AT)/cT

b

or
E(ag)/eg - EQap)ie, > 0 .
Now:
E(8)/eg - E(Ap)/eq = 2p(l-p)/4 - p/10 = p(.8-p)/2 ,

so the lact term is positive if p is less than .8, in which case part
R would be stocwn~d before part T. After part R has been stocked, the
expected incremental vffectiveness of part S increases, so that it,
too, would be stocked befoce part T, and the optimal stockage would
Le obtained.

Now, suppose the nominal networi: and possible demands for the

sane part ¥ and T are represenﬁed by Fig. 19.

O___

...._.J \-.._---J L..._._/

Fig.19—Nominal netwoik and possible
demands for Rand T
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If one assumes that all three demands always occur, then the incremental
effectiveness for stocking R is 1 day and for T is 2 days. Zut because
R costs $4 and T costs $10, the greatest incremental effectiveness for
incrzmental cost is obtained by stocking R. Once R is stocked, the
incremental effectiveness for stocking T reduces to 1 day. Assuming

it is worthwhile to stock part T, an investment of $14 dollars in parts
R and T results in a project time of 6 days. However, it is clear

that a better policy is to stock only part T, which will give a project
time of 6 days for an investment of only $10. The difficulty with the
above marginal analysis is that one cannot "sell back" a part once

it has been bought. However, as in the previous example, the correct
choice will be made when the probabilities are low enough. For this
example, p must be less than 2/3.

Thus, it appears that as the probabilities of the demands decrease
the effects of interactions decrease and marginal analysis becomes more
valid. 1In the prelaunch environment, demand probabilities are low;
hence the limitations of marginal analysis discussed above are not

likely to present a serious problem.

Alternative Cost Models

The procedure being used here to select 'good" s:tock levels for
given resupply facilities (i.e., bench repair, manufacturer, etc.) is
an application of marginal analysis. The procedure is to generate
a sequence of stocking policies by finding the part that, when added
to stock, results in the greatest expected incremental effectiveicss
per incremental cost. The network approach presented here is primarily
a technique for evaluating expected effectiveness and not cost. No
attempt has been made here to develop new cost models, Implicit in
the example discussed in Sec. II is a linear cgst model; that is,
if Q, is the quantity of part i in stock, then the cost of the replace-
ment:parts pﬂlicy‘is given by

a -+ f ciQi s
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where a and the ¢, are fixed parameters that do not depend upon the
stocking policy but may depend upon oth2r aspects of the replacement-
parts policy such as bench repair facilities. 1In this case, ¢y is what
has been called the cost of sto.king one of part i, Tn principle, there
is no reason why a more general non-linear cost model cannot be used,
however, such a mcdel mav lead to problems on the cost side akin o

the interaction problems on the effectiveness side, which were

discussed above.

CONCLUDING REMARKS

As the foregoing discussion suggests, some of the simplifying
assumptions made in Sec. II may be removed without changing the basic
approach, which is to add to the network of scheduled activities arcs
that represent unscheduled activities. Some of the limitations of the
approach have also been indicated. The limitations connected with evalu-
ation stem mainly from one's being unable to characterize completely an
unscheduled activity before attaching times to the nodes of the network
(e.g., time-dependent priorities for drawing spares). If these limita-
tions are important, then it is necessary to utilize an approach that
simultaneously assigns times to the nodes and characterizes unscheduled
activities--in short, simulation with its accompanying longer computer
running times and more extensive data reauirements.

The computational techniques which may be used to implement some

of tie extensions described above are presented iu the Appencix.

F{:%W et -
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{V. NUMERICAL EXAMPLES

The purpose in presenting the following two numerical examples
is to illustrate and to demonstrate the feasibility of applying to a
life size problem the approach descrited in Sec. II. Example A is
based upon data cbtained from an aircraft moditication program. As
it turns out, Example A is almost trivi-1. For a more interesting
example, the data were modified to constitute Example B. The examples
were then used to ccmpare the network approach to two non-network
approaches. The computation times cited with the examnles are based
upen four computer programs: a Parts Reduction Program, a Network
Reduction Program, a Stock Selection Model,and an Evaluation Model,
The first two programs are written in FORTKAN IV. The last two are
written in SIMSURIPT.* All four programs were run on an LBM 7044
computer, SIDMSCRIPT w:as chosen because it provided an easy method
for specifying the dimensions of arrays at 1un time ratber than at
compile time. Also, storing the network as a SIMSCRIPT "set'' made it
easier to program the algorithm for interpreting demands. The executicn
tires for the Evaluation Model and the Stock Selection Model would
have been substantially less if they had been written in FORTRAN or
machine language. However, since these programs were written as
research rather than as oroduction tools SIMSCRIPT was used. Of
course, these times could be reduced still furthcr by using a computer

faster than the IBM 7044,

EXAMPLE A

Figu = 20 is a project network of the schedule for an aircraf,
modilicat n preject. The network consists of 202 arcs (activities)
ne 15 nodes (events). It was possible tc obtain the bench repair
time, dollar value, and required demand data for 86 high-value parte,

for which there were 99 possible demands.

*
H. M. Markowitz . Hausner, and F. <. Karr, SIMSCRIPT: A Simula-
tion Programming Language, The RAND Corjorat’cr., RM-3310-PR, November 1962.
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Eliminating Non-Criticnl Farts

By comparing the bench repair times with the allowable times
for possible demands, 72 non-critical parts were identified. The 14
remaininz parts are listed in Table 8. There were 14 possible demands
for these parts which are listed in Table 9. Computer time required

for parts reduction was 5 seconds.

Reducing the Size of the Network

By considering the 14 possible demands, it was poss. le to reduce
the nominal network of 202 arcs and 115 nodes to an equivalent network
of 14 arcs and 11 nodes, as shown in Fig. 21. Computer time required

for network reduction was 2 seconds.

Selecting Steck Levels

Project time was used as the measure of effectiveness. Thus the
stock selection index was the reduction in average project time per
thousand dollars of incremental investment. The indexes for each of
the 14 parts were calculated by the Stock Selection Model and are
tabulated in Table 10. The first column gives the indexes when no
parts are stocked. A zero index indicates that st~cking the corres-

ponding part does not reduce preject time. In fact, only parts 430

and 440 need to be considered for stock, and 440 is the first candidate.

(Actually the difference between the two parts is not significant, so
either one is a candidate.) After part 440 has been stocked, its
index reduced to zero, and part 430 was the only candidate left (see
column 2, Table "0). Thus, the sequence of stock policies, for the
given bench repair facilities, consists of stocking nothing, stocking
one of part 440, and stocking one of part 440 and one of part 430.
There is no need to stock any of the other 84 parts, 12 of which are
“critical ¥ Although these 12 parts were "critical" in the sense
that a shortage of one of them would delay one or more activities,
shortages amoﬁg these parts otherwise have no effect, ev’dently, on

total project time.
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Table 8

CRITICAL PARTS FOR EXAMFLE A

CRITICAL POSSIBLE DEMANDS FOR EXAMPLE A

Part |Repair | Dollar
Number| Time Cost
10 192 3752
12 112 4094
180 192 3755
190 192 3752
345 128 880
350 80 879
439 176 692
440 176 692
460 112 400
480 128 | 10789
490 128 135789
500 128 9293
840 64 877
&50 64 899
Table 9

Part Demand Fill Proba-
Number Node Node bility
10 10 18 .50
120 9 57 .05
180 10 24 .50
190 8 18 .05
340 10 24 .05
350 10 18 .05
430 13 47 .05
440 13 47 .05
460 10 18 .05
480 6 18 .05
490 6 24 .05
500 6 18 .05
840 10 24 .05
850 10 | 2 .05

R CI
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Each ent-y in Table 10 is based on a sample size of 100. The

estimated standard errcr of estimate of each non-zero index was

approximately 3 per cent of the index.

for stock selection wa-

Evaluating Cost/Effectiveness

mvaluating LOSC

2 minutes.

Table 10

Total computer time required

STOCK SELECTION INDEXES FOR EXAMPLE A

Part Added to Stock

Part None 440 430
10 0 0 0
120 0 0 0
180 G 0 0
190 0 0 0
340 0 0 0
350 0 0 0
430 .837 7.013 0
440 .056 0 0
460 0 0 0
4€0 0 0 0
490 0 0 0
500 0 0 0
840 0 0 0
850 0 0 0

The average effectiveness, expected project time, for each of

the replacement-parts policies was estimated with the Evaluation Model.

The results are tabulated in Table 1l and plotted in Fig. 22. For

thi. example, cost includes only the cost of the part and does not

include storage or administration expenses, and the like: nor does

it include the investment in repair facilities.

Each of the first twc expected project times in Table 11 is

based on a sample size of 1000.

The third is the nominal project

time. The ecstimated standard errors of the «stimates for iLhe first

two project times were respectively .85 hours and .67 hours. Each

value is based on the same sample of demands.

(This was accomplished

by starting the random number generator at the same point for each

evaluation).

As a result of this application of correlated sampling,
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Table 11

CCST/EFFECTIVENESS FOR EXAMPLE A

Part Added ]Cumulative Expecten
to Stock Cost Project Time
Noae 0 841
440 692 837
430 1384 832

any errors in the estimates are likely to be in the same direction.
For example, if the estimate from the first evaluation were too high
because of a particularly damaging sample, then the same sample is
likely to yield an.overestimate from the second evaluation. (Thus,
if 841 is too high, then 837 1is probably too high.) This technique
is especially useful for comparing different cost/effectiveness
curves, since if one curve is too high {or too low) then the other
curves are likely to be also. Computer time required to evaluate

cost/effectiveness was 65 seconds.

Discussion

Example A is presented mainly to demonstrate the application of
our network approach to establish a replacement-parts provisioning
policy. This example serves especially to show how the original
problem can be reduced. As it turned out, there is little or no
stocking problem for this project -- which is in itself worthwhile
information. Actually, such a result is reasonable because the
schedule of activities was carefully planred to avoid a spare parts
stocking problem. The probabilities for many cf these possible demands
exceed .50. The investment in repair facilities had already been made;

the sequence of activities was therefore scheduled in context with the
repair facilities.

EXAMPLE B

In order to present <n example that is closer to the space

vehicle prelaunch environment, some of the data in Example A were
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altered. First, 20 possible demands were added to increase the number
of parts with multiple demands. Next, all of the probabilities were
divided by 5 to more nearly approximate the reliabilities found in
the space environment. Finally, all of the bench repair times were
doubled to increase the number of critical parts and thereby increase
ct= stocking problem. Increasing tne repair times can be interpreted
«8 the result of reducing the investment in repair facilities or of
relying more on the manufacturer for replacement parts.

Thus modified, Example A becomes Example B. The nominal network
is the same as the one for Example A (Fig. 20). There are 86 high-

value parts with a tot:l cf 119 possible demands.

Eliminating Non-Critical Parts

A comparison of the bench repair times with the allowable times
identified 46 non-critical parts; the 40 critical parts are listed
in Table 12. The 55 possible demands for these parts are listed in

Taole 13. Computer time required for parts reduction was 6 seconds.

Reducing the Size of the Network

By considering the 55 possible demands, the nominal network of
202 arcs and 115 nodes was reduced to an equivalent network of 33 arcs
and 26 nodes which is shown in Fig. 23. Computer time required for

network reduction was 4 seconds.

Selecting Stock Levels

The stock selection indexes, reluction in average project time
per thousand Collars of incremental investment for each of :zhe 40
parts, were calculated by the Stock Selection Model. Only those
par:s with initial indexes greater than zero are tabulated in Table 14.
Each column corresponds tc a differenc stock policy. For instance,
column 9 represents a stock consisting cf one each of parts 10, 20,
180, 430, 440, and 830 and two of part 170. An index listed in
column 9 indi.ates the relative prefarencz for adding one of the part

to the stock corresponding to column £. Thus the part with the
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Table 12

CRITICAL PARTS FOR EXAMPLE B

Part | Repair r}(epair Dollar
Number{ Time Time Cost
10 384 224 400
20 96 224 400
50 96 288 3202
90 288 256 10789
110 26 256 10789
120 224 256 9292
140 96 9h 10076
170 544 36 1191
180 384 96 168G
190 384 96 2509
210 96 96 1501
340 256 96 1898
350 160 96 il45
380 96 €72 7854
390 96 288 6143
400 96 288 7854
410 9¢ 256 1228
430 352 128 877
440 352 128 899
450 96 96 3430 .
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largest index is added to stock, and new indexes are calculated for
all the parts and listed in the next column of the tabie.

From a practical pouint of vie., the selection process can be made
more efficient (through reduction of computer time) by calcuiating
indexes for a limited number of parts. For instance, after calculating
the indexes for all parts (first colummn), it was decided fo consider
only those parts with indexes larger than 1.0. However, because of
the possible interactions amoag parts, it is prudent periodically to
check for the extent of this interaction by calcula*ing the indexes
for ail parts. Also, once the index for a part reduces to zero, it
will remain zero for all subsaquent stocking policies.

Each non-zero index was estimated with a sample size of 100.

For most of the selection indexes the estimeted standard error of
estimate was less than 10 per cent of the estimate of the index.

The samples from row to row in Table 14 were independent, thereby
allowing one to make statistical comparisons among indexes for
different parts. However, within any row the sample used was the
same; thus any change in the index for part i when part j is added

to stock represents the effect of interaction between parts i and j,
rather than sampling error. Total computer time required to generate
Table 14 was 17.5 minutes.

Evaluating Cost[Effectiveness

The expected effectiveness (in this case, expected project time)
for each of the replacement-parts policies was evaluated with the
Evaluation Model. The results are tabulated in Table 15 and plotted
in Fig. 24. As in Example A, cost includes only the cost of the part.

Only every other expected project time, beginning with the first,
was estimated with the Evaluation Model. A sample size of 1000 was
used for each evaluation. The intervening values were computed by
using the estimates of incremental effectiveness that were obtained
as a hyproduct of the stock selection process. The. standard errox
of estimate decreased from 2.4 hours for the first expected project
time in Table 15 to .5 hours for the last. Total computer time

required for the seven evaluations was 10 minutes.

)
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Table 15
COST/EFFECTIVENESS FOR EXAMPLE B
Part Added | Cumulative Expected
to Stock Cost Project Time
Nore 0 966
170 7053 896
20 8459 891
430 9151 889
830 10379 886
440 11071 884
180 14830 875
10 18582 863
170 25635 842
830 26863 841
455 2728€3 840
170 34316 837
830 35544 836

Discussion

Example B demonstrates the application of marginal analysis to
generate a sequence of stocking policies for given repair capabilities.
The selection process was made by recalculating indexes for only a
limited number of parts, thereby reducing compurer time. Just how
many parts should be considered at a time is subject to good judgment.
We chose to start the analysis by recompnting only those indexes that
had an initial value greater than 1.0 -- which appesred to be a
reasonable value (see column 1 of Table 14). As parta were stocked,
the original list of 7 candidates was reduced, as were their indexes.
Finally the decision to add more candidates to the list shifted
attention to those parts with indexes greater than .095 (see column 10).
The analysis was terminated at column 13. Note that the selection
indexes in column 2 are generally higher than those in column 1,
indicating that the effect of demands for these parts was hidden by
the demands for part 170. However, the ranking of the selection
indexes is not altered appreciably. On the other hand, the demands’
for part 20 do not appear to influence the effect of demands for
other parts (see column 3).
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COMPARTSON WITH TWO NON-NETWORK APPROACHES

For comparisor of non-network approaches with the network
approach expccted shortages were used iristead of expected delay to

the project as an alternative criterion for selecting stocks. A

§ shortage was defined in one of the following two ways.
E Method 7. A shortage occurs when a malfunctioning part
¢ is identified at a demand node and no replacement part is
¢ available at that demand node. The schedule of activities
i is virtually ignored because only the demand nodes are
: E considered.
R
¥ Method II. A shcrtage occurs when a malfunctioning part
is identified at a demand node and no replacement part is
available at the fill node. Here, the schedule of activities
is partially considered because a distinction is made betw.en
i demand nodes and £fill nodes.
In both Methods I and 1I, a malfunctioning part can be removed,
, repaired, and returned to stock. In order to determine if such a
? 5 stock replenishment prevents a shortage, the times of the demand and
é g fill nodes are set equal to their nominal times. Actually, Method II
;» is a form of a network approach because it does take into consideration
{' the "partial predictability of demands" in that the distinction is
o2 made between demand nodes and fill nodes; to some extent, this accounts
% for a portion of the '"complicated relation that exists between short-
13
. ages and effectiieness." In particular, the "non-critical" parts are
weeded out as potential candidates for stock.
E For Example A, a sequence of stocking policies according to both
? Methods I and II was selected. From the previous analysis, the only

parts which, when stocked, will reduce expected project time are parts
430 and 440. As it turns out, Method I results in an investment of
$64,810 in 33 unnecessary parts before sither parts 430 or 440 are
stocked. The corresponding figures for Method II are $7,911 for 3
unnecessary parts. The total cost of parts 430 and 440 is £1,384.
Table 16 tabulates the sequence of stocking policies for Example B
using Methods I, II, and III, where III is the network method. Only

policies resulting in investments less than $40,000 are given. The

unnecessary parts are indicated. Figure 25 shows the cost/effectiveness

[ WA Be— — . - - ——— .
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curves for Method I (curve I), Method II (curve II), and the Network
Method (curve III). Each of the evaluations given in Table 16 was
based upoa the same .ample, thereby minimizing the effect of sampling
error on comparisons of the three methods. Note that even the crude
network approach (Method II) shows a substantial improvement over

Method I. However, the Wetwork Method is an improvement ove: Method II.
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V. CONCLUDING REMARKS

The objective of this Memcrandum has been to present methods
to assist in selecting and evaluating replacement-parts policies for
Apollo prelaunch operations -- methods that are complex enough to
include the special features of the problem discussed in Sec. I, but
are simple enough to have feasible applications. The approach described
in Sec. II takes into account these special features: the partial
predictability of demands and the complicated relationship betweeu

parts snortages and effectiveness. Section III has pointed out how

‘the basic approach can be extended. In Sec. IV, the network approach

was applied to an aircraft modification project and the means of
selecting a atocklng policy was demonstrated.
The required data inputs for the basic computer models ave:

1) A description cf the schedule of activities for
the project in network form with the as3ociated
~activity times.

2).A 1ist of parts with their recycle times and costs.
“3) A list of posa{ble demands for each part, with demand
nodes, fill nodes, and probabilities of occurrence.
‘The procedure is toé
- 1) Eliminate non-critical parts.
i) Reduce the size c{ t:- network.

3) Select a sequence of stock levels for a given resupply
capability.

4) Evaluate the expected measures of effectiveness for
the stocking policies established 1n.3) above.

5) Repeat 3) and 4) for as many different resupply
capabilities as desired.

, 6) Construct the cost/effectiveness curves for the various
) replacement-par:s policies.
The network approach fills a gap that exisvs between analytical .
inventory modele that do not Iinclude che special features discussed

in Sec. I and elaborate simulation models that have greater data

- requirements and longzer computer running times. The salient feature

of the network approach is that replacement-parts poifcies are evalu-
ated and stocking policies are selected by evaluating the supply system
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in terms of its effect on the overall piojz=ct, rather than using some
measure that looks at the supply in isolation from the project. This
effect is measured in texms of the amount of delay to the project
which may be expresscd in a variety of ways {e.g., expected project
time or probability of meeting the launch window or windows for a

multivehicle project).
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INTRODUCTION

Section II of this Memorandum has described an approach to the
problem of determining a parts policy for a projecc. Now computational
techniques that may be used to implement this approach will be described.
At appropriate points, there will be indica;ions as to how these tech-
niques may be modified to implement the extensions described in Sec. III.
The approach consists of selecting a sequence of stock policies (speci-
fications of how much of each part should be stocked) for a given back-.
up resupply capability (a specification of recycle time for each part).
Each stock policy in the sequence, together with the resupply capability,
has a cost and an effectiveness. On the basis of these data 2 cost/
effectiveness curve may be drawn which reflects the opportunities avail-
able under the given resupply capability. One such curve may be drawn
for each resupply capability under consideration. Having done this,
one can make a simultancous choice of resupply capability and stock
policy by selecting a point on one of the curves.

The remainder of this Appendix is devoted to describing techniques
for selecting and evaluating a stock policy for a fixed resupply capa-
bility. 1In order to do this, one needs data on the schedule of opera-
tions, the parts, and the possible demands for these parts. The data
on the schedule of operations should be in project network form, i.e.,

a list of arcs (each representiug an activity), the identification of
the beginning and ending node for each arc, and the time required for
the activity represented by the arc. For each part one needs to know
its recycle time and its cost. The demand data should be in the form
of a list of possible demands, wiere each possible demand is character-
ized by the part which might be demanded, by its demand node (node in
the network at which the demand occurs), by its £ill node (node in the
network by which point the demand must be filled), and by the probability
that the demand will occur. These data may then be used as inputs for
two Monte Carlo models: a Stock Selection Model used to determine the
sequence >f stock policies, and an Evaluation Model used to evaluate
the stock policy together with the fixed resupply capability., Before



-57-

starting the Monte Carlo computations, however, it is possible to per-
form preliminary computations that reduce the size of the problem.
These techniques are described first. The method for selecting a
sequence of stock policies is described next. Finally, the evaluation

of a replacement-parts policy is described.

REDUCING THE SIZE OF THE PROBLEM

As Sec. II indicates, there are two ways to reduce the size of
the problem. One can reduce the number of parts and demands to be

considered, and one can reduce the size of the network.

Reducing the Number of Parts and Demands

Suppose that for a given pcssible demand there is a path from its
demand node to its fill node that is lcnger than the recycle time for
the part. 1In this case, the mslfunctioning part can be removed at
the demand node, repaired (or reordered), and replaced at the £:1il
node without delaying any of the activities in the project. If this
is the case for all possible demands for a given part, there is no
need to stock the part, s that part and all possible demands for it
may be eliminated from further consideration. Thus, a reduction in
the list of parts may be accomplished as follows. First for each pos-
sible demand, compute i:s "allowable time," i.e., the length of the
longest path in the nominal network from its demand node tc its fill
ncde. Next, elimirate from the list of parts any part whose recycle
time is no more than the smallest "allowable time' for all possible
demands for the part. If remove and replace times are not negligible,
then the allowable time should be compared with recycle time plus
remove and replace times, Finally, do away with ali possible demands
for eliminated parts.

To compute the "allowable time" for a possible demand, one needs
an algorithm for computing the longest path from one node in a froject
network to another. The algorithm described here is a slight modifica-
tion of an algorithm for computing the longest path in a project network.

For a given arc o, let al dencte its first node and a2 denote its
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second rode. Assume the arcs al, Qns +--, as of the network are
indexed in such a way that o = aj implies i < j. (Since project
networks are acy:lic, this 1s always possible.) Let 7(a) denote the
"length" of a, i.e., the time required by the activity represented
by the arc o.

Let m be an arbitrary node in the network. The following
algorithm will set t(n) for each node n in the network, eqﬁal to the
length of the longest path from m to n, if there is such a path; it
will set t(n) = - if there is no such path.

Step 1: Set t(n) = -o for each node n.
Step 2: Set t(m) = 0; set i = 1.
Step 3: Set t(a%) = max [t(ai), t(a:) + T(ai)].

Step 4: If 1 = s step; otherwise set 1 = i + 1 and go to Step 3.

Reducing the Size of the Network
As exemplified in Sec. I1I, and described in more detail below,

the effect on the project of the occurrence of demands for parts ‘s
reflected entirely in terms of the addition of arcs to the network.
Eack added arc represents an activity that is needed to fill a demand.
Whenever an arc is added, its first node 18 the demand node for some
demand, and its second rode is the fill node for some demand. In
assessing the effect of deman@a for parts on the project, one is
interested only in the times at selected nodes of the network (e.g.,
the last node -- gee Sec. III under "Different Measures of Effective-
ness.'"). The time at a node is the length of the longest path from
the firgt node of the network to the node in question. A node will be
called "special" if it is either one of the "selected nodes," the
first node of the network, or a demand or £ill node for some possible
demand. The longest path from the first node in the network to any
special node may be broken into shorter paths, each of which begins
at a special node, ends at a special node, and has no special node as
an intermediate node. Now if one augments the network by adding arcs
each of whose end points is a demand or a fill ncde, the only effect
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on the above longest path will be to replace some of the shorter paths
into which it has been broken by some of the arcs that have been added.
For this reason, the nominal network may be replaced by one whose only
nodes are the special nodes, and whosae arcs are constructed as follows.
For each pair of special nodes m and n, determine whether there is a
path in the nominal network that goes from m to n, has no special nodes
as intermediate nodes, and is at least as long as any other path from
m to n in the nominal network. If there is such a path, construct an
arc whose time is equal to the length of the path and whose first node
is m and last node is n.

The algorithm presented below will determine for a given special
node m, and all other nodes n, whether or not there should be an arc
from m to n in the reduced network, and if so, how long that arc
should be. As above, it is assumed that the arcs al,
been indexed in such a way that az = al implies 1 < j, where, as

i i
before, d1 is the first node of the arc «, and az is the second node.

ey O have

Again, let 7(o) be the time associated with the arc o. The algorithm
makes use of a function £ defined on the nodes of the nominal network
by: f(n) =1 if n = m or n is not a special node, and £(n) = 0 if n
is a special node and n # m. The algorithm computes two functions

g and t of the nodes that have the following interpretsiion: if

(1 - £(n))g(n) = 1 then there should be an arc from m to n in the
reduced network whose time is t(n); otherwise there should not be

an arc from m to n in the reduced network. The algorithm is:

Step 1: Let i =1, g(m) =1, g(n) =0, for n # m, t(m) = 0, and

t(n) = -», for n # m. ;
2 1
Step 2: If t(ai) < t(ai) + T(di), go to Step 3.

If t(aﬁ) = t(ai) + 7(,), go to Step 4.

If t(e?) > e{o]) + 7(a;), g0 to Step 5.
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i Step 3: Set t(af) = t(a:) + T(di).

Set g(af) = g(ai) f(ai),
Go to Step 5. .

Step 4: Set g(a%) = g(af) g(a:) f(ai).

Step 5: If i = g8, stop; otherwise, set i =1 + 1 and go to Step 2.

SELECTING A SEQUENCE OF STOCK POLICIES

Ideally, one would like to generate a sequence of efficient

stock policies: an "efficient stock policy"™ is a policy thet is more

effective than any policy which costs less, and at least as effective
; 28 any policy that costs the same. T"iniortunately, the method about to
i " be described cannot be guaranteed to dJdc this. I. fact (see Sec. III)
it 18 possible to construct examples where the method selecte inef-
ficient stocks. However, such examples depend upon a relatively high
! occurrence of particular combinations of demands. In the contex* of

prelaunch operations, where incividual demand probabilities are likely

to be low, such combinations have a much lower probability. For this
reason, the method described should result in rearly efticient stock
poiicies. The procedure is= as follows. Let the first policy in the

sequence consist of carryirz o> parts in stock. Then find a part that

vhen added to stock x+sults in thoe grea.est incremental expected
effectiveness per incremental cost. This stock represents the secc-:
pelicy in the sequence. Subsequent policies are obtained by repeat' sx
the process.

D e

* .
Let A<r1"' . be the average effectiveness when stocking L
- oare i, { =}, .. | 4. Let
SLEERRRR " (tl""°r1-1’ti+l’ri+l’""ru) - A(rl,...,:u).

..ru) ¢prnds only on r,, for each { = 1,...,4, then A

1’
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For application of the above procedure, a method is needed to
determine the average incremental expected effectiveness obtained by
adding a par. to stock. A Monte Carlc computer program (Stock Selec-
tion Model) has been written for this purpose. In broad outline one
jteration of the program runs as follows. First, a set of demands is
generated on the basis of the possible demands and their probabilities
that are input t5 the program. If activity times are to be randon
variables, their times may be generated at this point. On the basis
of these demands and the parts that are carried in stock, arcs that
represent activities needed to fill the demands are added to the nominal
network. Times for the nodes of the augmented network are then computed,
and a2 measure of effectiveness g is calculated. Then the quantity of
the part being analyzed is increased by one, the demands are reinter-
preted, the node times for the new network are recomputed, and a measure

of effectiveness, U is computed. The difference u; - u, represents

0
the incremental effectiveness of increasing by one the quantity stocked
of the part being analyzed for the particular demands that were gener-
ated. This increment is then averaged in with the increments obtained
on previous iterations. The process is repeated for as many iterations

as desired.

is called separable. If A were separable and in addition AiA(rl,...,
tu? were a non-increasing function of ro then the above procedure
would lead to efficient stock policies. (See, for example, C. T.
Whitehead, Selection of Spares and Redundancy for the Apollo Spacecraft,
The RAND Corporation, RM-4177-NASA, August 1964.) Unfortunately, A

is not separable in this problem. However, the dependency of AiAkrl,

...,rp) on rj, j # 1, occurs because of the possibility of simultan-
eous demands for parts i and j. Since the probability of such
simultaneous demands is small in comparison with the probabilities
of the individual demands, ir seems reasonable that the dependency
of AiA(rl,...,ru) onr,, j # 1, should be small in relation to its
dependency on s and that the stock selection procedure should lead

to nearly efficient stocks.

)
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Thus the computations in the model fall into four main classes:
1) those required for sampling to see which possible demands are
actually realized; 2) those requirec¢ to interpret the demands by
adding arcs to the .nominal network; 3) the computation of node times
for the augmented network; and 4) <he computation of the estimates
of expected incremental effectiveness (and also standard deviation
of incremental effectiveness, and standard error of estimate of

expected incremental effectiveness).

Sampling for Demands

When estimating the expected incremental effectiveness obtained
by adding one of part P to stock, the sample is stratified on the
basis of the number of demands for part P since this incremental
effectiveness is highly correlated with the number of demands for
part P. Therefore, by stratifying in this way, one obtains better
estimates for smaller sample sizes. Suppose that there are m possible
demands for part P, and n pessible demands for the other parts.

Define random variables Xl, “iey Xm and Yl’ ceuy Yn by:
< 1, if the ith demand for part P occurs;
1“{

0 otherwise.

Pr(xi =1) = P> fori=1, ..., m.

1, if the jth demand for parts other than P occurs;
Yj = {0 otherwise.
Pr(Yj =1) = 4> for j =1, ..., n.

It is assumed that the xi and Yj are independent.

Since there are m possible demands for part P, there are m + 1
strata, where the kth stratum, for k = 0, 1, ..., m, is defined by the
restriction

m
(1) LX =k
1

on the values of the random variables X,, ..., X

1’ m’



The sampling problem divides into three others: 1) how to
determine the probability of the kth stratum; 2) how to determine
the sample size for the kth stratum; and 3) how to sample from the

kth stratum.

L A . th . .
Determining the probability cf the k~ stratum. The provlem is

n
to find Pr{Z X, = k) for each k = 0, ..., m. This may be done by means
1
of a recursion. For this purpose, let
4
CLK=Pr(§:Xi =x), (L=1, ...,m; k=0, ..., £).

Since the Xi are independent and Pr(Xi =1) = p;, ome has, for 0 < k . 4,

L £2-1 £-1
Pr(EXi=k)=Pr(Xz=1& ZXi=k-1)+Pr(Xz=0& ZXi=k)
1 1 1
-1 2-1

pgPr( 2t k-1) + (1 - pp)Pr( z X, =K.
Thus,

(2) c (0 < k< ).

ge T PgCpoy k1 T PIC, s

For £ = k> 1, one has

) £-1
Pr(? X, = &) =Pr(X, = 1& ? X, = 4-1)

£-1
= pz?r( E. Xi = 2-1).

So 3
™ Cop = Pely-1,0-1 > > 1D
For £ > 1 and k = ), one has

L -1 -1

Pr()]"... Xi = Q) = Pr(xz =0 & )i. X, = V) = (l-pz)P.\:’( f Xi = 0).

o

R T s U
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; Thus,
1
% 4 C,, = (1 c (£>1
% ( ) 20 = ( Pz) z_l’o s )'
%
Finally, Pr(x1 =0) = l-p1 and Pr(X, = 1) = Py, SO
i (3) Cro=1Pp» €3 =pp-
Equations 2 through 5 may be used to compute the values of
m
Pr(T Xi =k) = Cm , L.e., to compute the probabilities of the kth
1
stratum, for k = 0, ..., m. An algorithm that does thig is given
below. When the algorithm is compl:ted, Cy will be Pr(T X, = k),
» 1
i.e., the probability of the k' stratum for k = 0, ..., m.
: Step 1: Let C0 =1- 12 C1 =P, and £ = 1f
? Step 2: If £ = m, stop; otherwise set ¢ = ¢+! and continue.
3 Step 3: Set CL = pzcz_1 and k = g-1.
5 . = - C
' Step 4: Set Ck pick-l + (L pz),k.
Step 5: If k> 1, set k = k-1 and go tc Step 4; otherwise cori’ we.
: Step 6: Set CO = (1-p£)CO, ani go to Step 2.
; Datermining the sample size for tne kth stratum. Supplie ©ar
: ' Q is the quantity of part P stocked. The purpose of the Scock
3 Selection Model is to estimate the expected increment in siiective-
% neas that would be obtained were Q increased by one. It is clear
. that when the number of demands for part P is less than or aqual to

Q, this incremental effectiveness wili be zero. Thus for k £ Q,

f the sample size for the kth atratum can be set to zero. For the

e T——



-65-

remaining strata, k > Q, the situation is nor so lear. If the
standard deviation of the incremental effectiveness in the kth
stratum ; re known, then the sample size for that stratum could be
set proportional to the standard deviction multiplied by the proba-
bility of the stratum, thereby minimizing the standard error of the
estimate for any fixed sample size.* Unfortunately, chese standard
deviations for k > Q are not known (for k < Q they are zero), and
there is very little, a priori, that can be said about them. As a
compromise, the sample size for the kth stratum, k > Q, is set propor-

tional only to its probability, calculated as above.

Sampling from the kth stratum. Sin.=2 the Yj are independent of
each other and of the Xi,and Eq. 1 does not restrict the values of

the Yj, one may sample for the Yj independently of each other and

independently of the X There is a simple method ¢f doing this,

i
For each j = 1, ..., n, generate a random number vj uniformly dis-
tributed on the unit interval. (Hereafter any of thecz will he
referred to as a "random number.") Then let Yj =1, if vy < 1 and

Yj = 0 otherwise. Sampiing for values of the X, is not so simple,

i
since given Eq. 1 they are not independent of each other.

A method is needed that will sample for values x ces X of

1)
xl, crey Xm in such a way that the probability of obtaining x., .. ,

X, as values is given by

(6) Pr(X1 = x1

m
& ... E'kmame X, =K.

The method described here accomplishes this as follows. Sample for
the first Xi UL Xm, for which Xi = 1. Given
the first i for which Xi = 1, sample for the second i tor which
Xi = 1. Continue this process until k of the Xi have been set equal

in the sequence X

to 1
To carry out the above procedure, one needs the probability

that Xi ig the eth 1 in *+he sequence X = k;

m
«» X ; given that T X
B " 1

1’ 3

*
See, for example, Herman Kahn, Applications of Monte Carlo,
The RAND Corporation, RM~-1237-AFC, April 1956, pp. 107, 10EB.
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that Xi is the first 1 in the sequence; that xi is the second 1 in
1 2
the sequence, ...; and that X is the B-lth 1 in the sequence, for
8.1 ’
>
.o < .
1 < < iB_l 1B <m

Denote this conditional probability by Q. ‘“hen

any 0 < i

) @Q=Pr(X, =1& T X, =1jx, =...=X =1
i i _(<isi, I hs | *g-1
i *p-1T<p
t &
} & I xj=a-1&)i:xj=k).
_]sia 1

Working on the "given" in Eq. 7, one has

® Q=Pr(X, =1& £ X =1|[x =...=X, =1
B 1o j<isty . 4 ta-1
; 2 & L X, =p-11& T X, =k-H).
i O<jsiy ) 15 4<i

From the irdependesce of xl, caey Xm it follows that the conditions

wichin brackets in €q. 8 may be removed, so Eq. 8 becomes

9 Q=Pr(xi-1& b x.:1| T K, = kpH).

3
8 Lgy<isig 1gy<d

Thus, Q does not depend upon 11, ey but only upon 1

'g-2° B-1" 'p
and k-g+l. In fact, Q is simply the probability that Xi is the

B

first 1 folloving X given that exactly k-g+l ones follow K1 .
g-1

g-1
This probahility will be denoted by D(ia, ia_l, k-p+l), 1.

ot

- ) ,,w,ra‘-,,y,,d(%‘i‘m(,”(' A e A . "

(10) D(i,4,h) =Pr(X, = £ X =1/ X =h), (1>£20, hsmi).
wist 1 aey 3

o et P — ) NN T
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D(i,0,h) is the probability that Xi is the first 1 in xl, veny xm,

given that there are h ones in all.
A method must still be found, however, for computing D(i,{,h).

Applying the definition of conditional probability to Eq. 10, one has

Pr(X=T X. =1 & T X =h)
*<isi 3 i<y 3
Pr(T X, = h)
=<j 3

D(i, £, h) =

Pr(fX.=Z X, =1] & [ZTX, =h-1]
b ocisi icj d
Pr(€ X. = h) .
1<

The bracketed conditions in the last expression are independent, so

Fr(z X, = h-1)
D(i,,h) = Pr(X, =% X = I)L 1=l

s J Pr(f ¥, = h) :
£<jsi £<i 3

The first factor above is simply p, 11 (1 - p.) for i>g+l, and
’ o<t 3
Py for i = t+1. Thus if E(4,h) is defined by

(11)  E(4,h) =Pr(T X =h), £0SL<m 0shsmng),
#<j 7
and F(£,i) by
P (0 < 41 = i < m)
(12) F(L,1i) = {p. I (1-p,), (< #H1 <i<m ;
L opciet 3
then
. FECi,h-1)
(13) B(1,2,h) = B(t,1) (BB

YT T————_ proalile oy ———

g
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When £ = 0, E(£,h) is simply the probabili__ -f the h'" stratum,

whose computation was described above. For £ > and m-£4 2 h > 0,
one has
E(£-1, h) = Pr(E X, = h)
2-1<j 7

= Pr(Xi = 1)Pr(Z X, = h-1) + Pr(Xz = 0)Pr(T X, = h)
s<j 3 £<]

= sz(z,h-l) + (1-pz)E(£.,h).
Thus,
(14) E(£,h) = {E(2-1,h) - pLE(L,hwl)]/(l-pL), (L>0,m-£2h>0).
For £ >0 and h = 0

E(£-1, 0) = Pr(T X. = 0)
£-1<j J

Pr(X, = 0)Pr(L X, = 0)

) pod

80
(15) E(2, 0) = E(4-1, O)I(l-pz), (L >0).
Finally, as noted above,
m
(16) E(0, h) = Pr(Z xj = h), (0O<h<m),
1

" " w—— g - .» TS ——— - R i e et o et
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whose computation has been described under "Deiermining the probability
of the kth stratum." From Eq. 12, F(4,1) cbviously satisfies the

recursion,

(17) F(£:1) = [p,(1-p; /e, | JE(L,4-D), (0< #41<ism,

wit:. P(4,4+1) given by

(18) F(L,241) = p (0= 2 <m).

vtl’

Equations 13 through 18 can now be put together in tha form of
an algorithm for sampling from the k™ stratum. The idea behind the

algorithm is to sample f£o: che first i, i for which Xi = 1, choosing

1’
il with probability D(il,v,k). One then samples for the second i, iZ’
for which Xi = 1, chlioosing i, with probability D(iz,il,k-l). In

general, having chosen the first g subscripts, i1 < ... < iB, for which

X, = ... =X_ =1, one chooses the (B-l-].)th such subscript i with
11 ig g+l

probatility D(i ,k=8) . This choice is made by generating a

g+1°1a

random number v and setting i equal to the first i for which

. B+l
i D(j,i_ ,k-8) 2 v. In the algorithm, h is the number of X. that
j=igHl B ]
remain to be set equal to 1, and i is the index of the xj that is
currently being set equal to 0 or 1. Steps 3, 4, and 5 and steps 10,
11, and 12 use Eq. 15 and Eg. 14 co compute E(i,j) and store the
result as E(j). Steps 2 and 9 use Eq. 18 and Eq. 17 to compute F(£,1),
where ¢ is the last j for which Xj has been set equal to 1, and store
the result as F. Step 21also gets A equal to E(L,h). Steps 6 and 12

uge Eq. 13 to compute T D(j,f,k) ard store the result as B.
j=i+1

m
Step 1: Set E(j) = Pr (E XY = j) for =0, ..., k;
1

set h = k; set 1 = |,
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Step 2: Set F = py; set A = E(h).

Step 3: Set E(0) = E(O)/(l-pi); set j = 1.

Step 4: Set E(3) = [E(1) - p,E(3-1)1/(1-p)) -

Step 5: If j < h-1, set j = j+l1 and go to Step 4;
otherwise continue.

Step 6: Set B = FE(h-1)/A, and generate a random number v.

Step 7: If v £ B, set X1 = 1 and go to Step 13; otherwise

set Xi = Q0 and continue.

Step:8: Set i = i+l.

Step 9: Set F = [pi(l-Pi)/Pi_l]F.

Step 10: Set E(0) = E(0) /(l-pi); set j = 1.
Step 11: Set E(j) = [E(J) - p,E(3-D1/(1-p).

Step 12: If j < h-1, set j = j+1 and go to Step 11;
otherwise set B = BiFE(h-1) /A and go to
Step 7.

Step 13: Set h = h-1.
Step 14: If h > 0, set 1 = i+l and go to Step 2; othervise

continue.

Step 15: Set xj = 0 for all § > 1 and stop.

Interpreting the Demands

For each possible demand § for a given part P, let
6d = the demand node of §

6% = the £111 node of &, and

p——— - ————rr T e
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1, if the demand occurs;

X(8) = 0 otherwise.

A scheme for setting the values of X has been described above. Here

it is assumed that the values of X have already been determined, and

a description follows of how the 6f and Gd, together with the quantity

Q stocked of part P, may be used to interpret the values of X in terms
of additional arcs in the network. After a description of the algorithm,
its validity will be discussed. If Q 2 ¥ X(§), then do not add any arcs
to the network. Otherwise, assume that the possible demands have been

indexed 8., ..., § . Let b be the recycle time for part P.
1 m

Step 1: Set i = 1.

Step 2: 1If X(bi) = (0, go to Step 8; otherwise continue.
Step 3: Set j = i and k = Q.
Step 4: If k = Q, go to Step 7; otherwise continue.

Step 5: If j = m, stop; otherwise set j = j+l and
contiaue,

Step 6: If X(éj) = 1, set k = ktl and go to Step 4;
otherwise go to Step 5.

Step 7: Add an arc to the network whose first node 1is Gi,

whose second node is af, and whose time is b.

Step 8: If i » m-Q, stop; otherwise set i = i+l and go to Step 2.

The above algorithm provides a valid interpretation of the pattern
of demands for P, when the part removed as a result of the ith such
demand is recycled and used to fill the (1+Q)th such demand. Implicit
in this statement, however, is the assumption that the possible demands

for P can be ordered 61, aeny 6m in a reasonable fashion. Such an
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ordering is automatically provided when the £ill nodes of the possible
demands for a given part all lie on a common path in the network. (The
i difficulties that anpear when this condition is not satisfied have been
discussed in Sec. II.) Even when this condition is not met, it is
sometimes still possible to obtain a reasonable ordering. For example,
the possible demands for a part could be ordered on the basis of the
latest times, in the nominal network, of their fill nodes. (The latest

time of a node is the total project time minus the length of the longest

e . o

path from that node to the last node in the network.) An ordering of
this type would tend to give highest priority to those demands that,
in order to aveid project delay, should be filled first.

The algorithm also assumes that remove and replace times are
negligible. They can be included, however, as follows. With the
notation as above, let r(§) be the time required to remove the mal-
functioning part when demand § occurs and let R(8) be the time required
; to replace the part when demand & occurs. The above algorithm may

then be used with Step 7 modified in this way:

Step 7': Add an arc to the network whose first node is 5:, whose

second node is 6§, and whose time is b + r(éi)-+ R(6j).

When Q > 0, it is also necessary to perform the following algorithm:

Step 1: Set i = 1.

Step 2: 1If X(bi) = 0 go to Step 4; otherwise continue.

Step 3: Add an arc to the network whose first node is 6:, whose
second node is Gf, and whose time is r(ii) + R(?i)'

Step 4: If i=m, stop. Otherwise set i = i+l and go to Step 2.

Random recycle times may be included by sampling for them at
Step 7 in the original algorithm, or at Step 7' in the revised algorithm.
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Evaluating the Network

The computations required to assign earliest times to the nodes
of the network are ordinary project network‘computations. As before,
let al and dz be the first and second nodes, respectively, of the arc
. Let 7(a) be the time required by the activity represented by w,
and assume that the arcs o, ..., o have been iudexed in such a way

1

that ai = a; implies 1 < j. The algorithm attaches a time t(n) to

each node n in the network; t(n) is equal to the length of the longest
path from the first node in the network to n.

Step 1: Set t(n) = 0 for each node n, and set i = 1.
2) 2 1
Step 2: Set t(cxi = max[:(ai), t(ai) + T(di)].
Step 3: If i = s, stop; otherwise set 1 = i+l and go to Step 2.

Estimating the Expected Incremental Effectiveness

As pointed out in Sec. ILI, the measure of effectiveness can be
any function of the node times. The incremental effectiveness of
adding one of part P to stock is simply the difference between effec-
tiveness before and after making the addition. Let A be the incre~
mental effectiveness. A is, of course, a random variable since it
depends upon which of the possible demands actually occur. Let Agk)
be the jth observation on A from the kth stratum. An estimate, ’
ERZS, of the expectation E(A) is provided by

P m Nk
(19) E() = T (C/N)(Z
k=Q+1 j=1

2\,

where Ck is the probabilety of the kth stratum, Nk is the sample size
of the kth stratum, Q is the quantity of part P stocked (before the
addition to stock), and m is the number of possible demands for part P.
Since sample means are unbiased and consistent estimates of the pop-
ulation mean, this estimate is unbiased and consistent.
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The above estimate has a variance Var[E(A)] given by

m

var(E(H] = 5 [chvara®)y/n,
k=Q+1
wh.re A(k) is the restriction of A to the kth stratum, and Var(A(k))
is the variance of A(k). Now
N N
P
(20) Var(A(k)) = ——7 pX (Aj(k) 2 - [ z (A(k) )]
k j=1 Ni - Nk j=1

provides an unbiased, consistent estimate of Var(A(k)); hence

—— n e e
(21) Var[EA)] = T civ;n-(zs(k))/wk
k=Q+1

P
is an unbiased consistent estimate of Var[E(A)].
~2
Since E(A) is a consistent estimate of E(A), [E(A)]
consistent estimate of [E(A)]Z. Also,

-&-I N
(22) EQ) = T (c /N )z (A(k) 2
Kk=Qr1 kJia1

—t et

is a consistent estimate of E(Az). Thus E(AZ) - [E(A)']2 is a consistent
estimate of Var(p) = E(Az) - [E(A)]z. But it is easily found that this

estimate has a downward bias, and the amount of the bias is Var{®(a)].
Thus

~~N
(23) var(a) = EQa%) - (E(0) 1% + var(E(A)].

is an unbiased consistent estimate of Var{A).

In order to compﬁte the estimates 19, 21, and 23, it is not

(k)

necessary to store all the Aj , but only certain cumulative summaries.

re -
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In going from one observation to another within the kth stratum, one
need only build the cumulative sums § Agk) and T (Agk))z. When all
the obseryations from the kth stratum have been completed, one may
compute Var(A(k)) according to Eq. 20. In going from stratum to

stratum, one need only build the cumulative sums

M
(Ck!Nk)(jE1 85705

=™

P e g
(CilNk> Var(A(k)); and

F v

Y w0
(€, /N 21 (5™

j-

2

=M

When all the strata have been covered, these sums may be used in
’ B e
Eqs. 19, 21, 22, and 23 to obtain the estimates E(A), Var[Z(A)], and

Var(a) .

EVALUATING A REPLACEMENT-PARTS POLICY

An Evaluation Model has been developed for evaluating a replace-
ment~-parts policy. The detailed computations within the model are
essentially the same as in the Stock Selection Model described in the
previous section, but overall organization is somewhat different.

One iteration of the model proceeds as follows. First, a set of

demands is generated on the basis of the possible demands and their
probabilities. On the basis of these demands and the par:s that are
carried in stock, arcs that are needed to £fill the demands are added

to the nominal network. Times for the nodes of the network are computed;
then the measure of effectiveness is computed as a function of these
times. This measure is averaged with the measures obtained on previous
iterations. The sequence is repeated for as many iterations as desired.

The demands are generated as in the Stock Selection Model, except
that the stratification is on the basis c¢f the number of demands for

all parts, rather than for a single part. The addition of arcs to the
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network, computation of node times, and computation of the measure of
effectiveness are performed exactly as ia the Stock Selection Model.

The combining of the individual observations on the measure of effec-
tiveness to arrive at estimates of the expected effectiveness, the
standard deviarion of the effectiveness, and the standard error >f
estimate of expected effectiveness is exactly as in the Stoclkk Selec-
tior. Model, except that the observations being combined are observations

on effectiveness rather than on incremental effectiveness.

CONCLUDING REMARKS

The algorithms described in this section have been put in the
form of four computer programs for the IRM 7044: a Parts Reduction
Program, a Network Reduction Program, a Stock Selection Model, and an
Evaluation Model.

The Paris Reduction Program has as input the nominal network (a
list of acrivities, with their first and second nodes and times) and
a list of possible demands (each characterized by its demand node and
fill node). The output is the "allowable' time for each possible
demand. The program is written in FORTRAN IV.* A network consisting
of 202 arcs and 115 nodes and a list of 119 possible demands required
approximately 6 seconds of execution time,

The Network Reduction Program has as input the nominal network,
and a list of "special" nodes. The output is a reduced network that
has as its nodes only the first and last nodes of the nominal network
plus the "special" nodes. This program, too, is written in FORTRAN IV.*
A network consisting of 202 arcs and 115 nodes and 24 "special" nodes
required approximately 4 seconds of execution time.

The Stock Selection Model has as input the data, described on
page 56, on the schedule of operations (nominal network in either
reduced or original form), the parts, and the possible demands for
them, plus the initial stock level for each part, a specification of
the parts to be analyzed, and the sample size for each analysis. The
output for each par. analyzed is estimates of the part's expected

*
However, the subset of FORTRAN IV used is also a subset of FORTRAN II.
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incremental effectiveness per incremental cost (and its standard
error of estimate), the part's expected incremental effectiveness
{and its standard error of estimate), and the standard deviation of
the incremental effectiveness. The program is written in SIMSCRIPT.
SIMSCRIPT was chosen because it provided an easy method for specify-~
ing the dimensions of arrays at run time rather than at compile time.
Also, storing the network as a SIMSCRIPT "set" made it easier to
program the algorithm for interprering demands. For Example B given
in Sec. V, the analysis of each part required approximately 8 seconds
execution time for a sample size of 100. The reduced network for
this example consisted of 26 nodes and 33 arcs; there were (after
parts reduction) 55 possible demands.

The Evaluation Model has the same input requirements as tbe
Stock Selection Model with respect to the schedule, parts, and
possible demands, except that the cost of the parts is not required.
In addition, a list or the stocking policies (i.e., a specification
of the quantity of each part stocked) to be evaluated and the sample
size for each evaluation are required. The outputs for each evaluation
are estimates of expected erfectiveness, standard deviation of effec-
tiveness, and standard error of estimate of expected effectiveness.
The program is written in SIMSCRIPT for reasons the same as those
given above. For the previously cited example and for samplz sizes
of 1000, each evaluation required approximately 90 seconds. The
execution times for the Evaluation Mcdel and the Stock Selection Model
would have beea substantially less if they had been written in FORTRAN
or machine language; however, since these programs were written as
research rather than as production tools SIMSCRIPT was used.

The comruter programs were written for the simplified version of
the network approach; however, Sec. III has indicated how many of 3
these simplifying assumptions can be removed, and this Appeadix has
suggested what the effect will be on the computations. This Appendix
has not discussed the specific changes required in the computations
to incorporate mulfi-echelons, different reorder nolicies, different
probability structures, or different cost models. Each of these

extensions to the basic approach has many variations, and, tc the

—az




extent that they can be incorporated in the computer programs, it is

best to do so in the context of a specific application.
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